We study the 3d effective field theory of a weakly coupled two Higgs-doublet scalar model at high temperature. Our model has three scalar quartic couplings and an O(4) symmetry which is spontaneously broken by a nonzero scalar field vev at zero temperature. Using high temperature perturbation theory, renormalization group arguments in 4 − ǫ dimensions, as well as 1/N expansion techniques in 3 dimensions, we argue that the transition from the high temperature symmetry restoring phase to the low temperature phase is first order for a range of scalar couplings. This result is not due to gauge couplings. We discuss the implications of our results for the transition in the two Higgs-doublet electroweak model, especially when the lightest neutral Higgs is heavier than the W-bosons. * This work was supported by the
Introduction. The topic of high temperature phase transitions in 4d scalar models has attracted a lot of interest recently due to the possibility of baryogenesis during the weak phase transition. It has been argued that baryogenesis requires a sufficiently strong first order phase transition [1, 2, 3, 4] .
The nature of the phase transition can be determined if one has a reliable determination of the finite temperature effective scalar potential V ef f .
† It has been known for some time [7, 8, 9] that at sufficiently high temperature the ground state of a φ 4 model is symmetry preserving with < φ >= 0, even if the zero temperature ground state is not. What is not well understood is how the transition from the high temperature phase to the low temperature phase proceeds in generic models with several couplings.
One can imagine two possibilities as the temperature is lowered from a very high value:
i) the minimum remains at < φ >= 0 until a temperature T 1 at which point it jumps discontinuously to nonzero values | < φ > | = 0, or ii) the minimum remains at < φ >= 0 until a temperature T 2 at which it moves continuously away from the origin as the temperature is lowered further. Case i) indicates a first order transition and case ii)
indicates a second order transition.
The determination of the transition order is not always easy due to infrared divergences in high T field theory which can render perturbation theory useless in calculating V ef f too close to the origin and at temperatures near the transition temperature. In this case, one can i) try resuming perturbation theory or ii) use renormalization group (RG) methods or iii) use 1/N expansion techniques to gain some insight. When a model has several couplings, any one method cannot be trusted to give a reliable description of the transition for all values of the (perturbative) couplings.
The most thoroughly investigated electroweak model, the minimal standard model, can be argued [10] [11] [12] [13] [14] to give a first order transition for M Higgs sufficiently smaller than M W .
In this case, high T perturbation theory can give a good description of the transition if used carefully.
The leading expression for the high temperature effective potential when M Higgs ≪ M W † What we mean by V ef f is the sum of one-particle irreducible diagrams with no external legs. This quantity need be neither real nor convex [5] , in contrast to the standard definition of the effective potential given in many textbooks [6] . However, the minimum of the real part of our effective potential still gives the ground state of the theory.
is of the form [7, 15, [10] [11] [12] [13] [14] ]
where Φ is the Higgs doublet, δ is proportional to the cube of the SU(2) gauge coupling
). This potential describes a first order transition whose minimum jumps discontinuously to a value ∝ δT /λ at a temperature T 1 > T 2 . RG methods combined with ǫ-expansion techniques [15, 16] as well as computations of V ef f using 1/N techniques (when M W ∼ NM Higgs ) [17, 18] are consistent with this result.
With the current experimental bounds on M Higgs [19] , the situation M Higgs ≥ O(M W ) is the one of physical interest. Unfortunately, for M Higgs ≥ M W , perturbation theory breaks down and there is really no clear picture of what happens. However, one expects that at best the phase transition will be very weakly first order.
It has been suggested [11] that one should augment the minimal standard model with extra scalars in order to produce a big enough first order effect for values of the Higgs mass larger than the current experimental bound. The idea is to enlarge the ratio δ/λ during the phase transition.
One suggestion [11] , is to add an electroweak singlet scalar S with a large enough coupling to the Higgs doublet Φ of the form ξΦ † ΦS 2 . It has been argued that if S is massive enough it contributes to V ef f (T = 0) in a way that reduces the value of λ without decreasing M Higgs .
Another nonminimal model is the two Higgs-doublet electroweak model. Due to the number of unknown parameters in this model it makes sense to study a toy model before attempting to understand the nature of the transition in the general case. In this letter we will study such a toy model. In particular, we study the 4d weakly coupled scalar model with tree potential
where λ > ξ (to ensure real physical masses) and φ 1 and φ 2 are both O(4) vectors. Unless otherwise stated, we assume all couplings are arbitrarily small (their ratios, however, may not be) and nonnegative.
The model (2) has an O(4) symmetry as well as the discrete symmetry φ 1 ↔ φ 2 . It is also invariant under φ 1 → −φ 1 or φ 2 → −φ 2 . The potential (2) is a subset of the general potential describing the two Higgs-doublet model which has five quartic couplings [20] , not three. One of the additional couplings breaks the Z 2 symmetry φ 1 ↔ φ 2 , the other is allowed because the potential needs to be invariant only under SU(2) × U(1), not
Although the 2 Higgs-doublet model has been studied at one-loop by previous authors [21] , there has never been a reliable demonstration of a first order transition when the lightest neutral Higgs weighs at least O(M W ).
In this article we argue that perturbation theory gives a reliable description of a first order transition if α/λ and α/ξ are sufficiently big. We present additional arguments for a first order transition based on RG group methods combined with the ǫ-expansion, as well as computation of V ef f based on 1/N expansion techniques. We stress that the first order behavior is not due to gauge fields. We will later address the implications of our results for baryogenesis in the two Higgs-doublet electroweak model.
We study not the full 4d model, but the 3d effective field theory describing the high T limit of the 4d model. Before proceeding with our analysis we introduce all the tools we will use in the context of a simple φ 4 model.
Effective 3d
Theory. Let us consider the ungauged scalar theory with 4d potential
The model is, at high T , formally equivalent to a euclidean field theory with one compact dimension. For physics at scales less than O(2πT ) it is sufficient to study the effective 3d
Lagrangian that results from integrating out the compact dimension. The 4d fields can be expanded as
where τ parameterizes the compact dimension and the ψ n (0) = ψ n (T −1 ). Thus the 4d field yields an infinite tower of 3d fields when the compact dimension is integrated out in the action. Furthermore, for what we are interested in, only the zero model n = 0, for which ψ 0 (τ ) = ψ 0 (0) is important in the effective 3d model because the others pick up large O(2πT ) masses from the 4d kinetic term.
The largest effect of integrating the nonzero modes out from the theory is to give an O(λT 2 ) correction to the mass-squared of the zero mode [16] . Therefore, we study an effective 3d theory with potential
where we have defined the 3d quantities
The effective theory can be studied by computing the 3d V ef f , or by RG methods.
The ungauged model is believed to have a second order transition [22] . This result is not accessible by means of high temperature perturbation theory. To see this we need only compute V ef f to one-loop.
The field dependent mass for the potential (5) is
We expect the 3d model to give a good description of 
The one-loop contribution to the effective potential is then (m
We have used a sharp momentum cutoff to regulate the integral.
The linearly divergent field dependent term is absorbed by renormalizing the 3d theory.
The field dependent part of the one-loop effective potential is then
This result reproduces the leading temperature dependent part of the so-called daisy sum in the high temperature field theory. Taken at face value, (9) indicates a first order transition with a discontinuous jump in the minimum | < φ > | ∝ √ λT at a temperature T 1 slightly above T 2 = 2v. Since we have already indicated that the phase transition is believed to be second order, eq. (9) must not give a reliable determination of V ef f . In fact, it is well ‡ We will freely switch back and forth from 3d quantities and 4d quantities, dropping the zero mode subscripts.
known [8, 9] that higher loop corrections are significant. In 3d, the scalar couplingλ has dimension 1. The dimensionless perturbation parameter is actually ∼λ/m, a result that can be checked by examining multiloop graphs [8, 9] . At T = T 2 ,λ/m ∼ √ λT /φ, and for the apparent minimum at | < φ > | ∝ √ λT this expansion parameter is of O(1) and therefore perturbation theory cannot be relied upon to distinguish between 1st and 2nd order behaviour.
In the case of an O(N) symmetric model described by (3), V ef f has been computed using 1/N expansion techniques [23, 24, 22, 8] to next-to-leading order. The results indicate that the phase transition is second order [24, 17] . This method quickly becomes technically complicated, so that V ef f has not been computed beyond next-to-leading order (known results should not be trusted to give a reliable description of what happens for low values of N).
Fortunately, there have been many studies of scalar models based on the renormalization group method [22] . A trajectory in coupling constant space which leads to an infrared stable 
Here, t increases in the infrared. This has an infrared unstable fixed point at λ * = 0 and an infrared stable fixed point at λ * = 16π 2 ǫ/3. In the infrared limit, every positive λ is § The absence of an infrared stable fixed point at O(ǫ) although not a proof [25] that the model has first order behaviour, may hint at such behaviour for some range of couplings.
driven to this point.
For an abelian Higgs model, i.e. a gauged O(2) model, with gauge coupling g and 4d potential (3) where φ 2 = φ · φ, the RG equations to O(ǫ) have no infrared stable fixed point [15, 16] , suggesting that a first order transition may be possible. In fact, high T perturbation theory can be used to give a reliable description of a 1st order transition for [15, 7] . Perturbation theory is reliable because the perturbative expansion parameters go like some (positive) power of λ/g 2 at both minima at T = T 1 [10, 12, 14] .
For M Higgs ≥ M W the above analysis breaks down. For the abelian Higgs model, a computation of V ef f to next-to-leading order [17, 18] As an aside, we note that much less is well understood when the gauge group is nonabelian. As with the abelian case, there is no infrared stable fixed point to O(ǫ) in 4 − ǫ d.
Assuming that infrared divergences in loops due to the self interactions of the magnetic fields are cutoff by a nonperturbatively generated T -dependent mass [27] , it is again possible to argue [10, 12, 13] that for g 2 ≫ λ the transition is first order. For g 2 < O(λ), 1/N studies [18, 31] suggest that the transition may be second order for a model with enough scalars. For a model with just a few scalars, recent results [32] due to resuming high T perturbation theory in the minimal electroweak model also suggest 2nd order behaviour for g 2 < O(λ). In addition, it has been argued [33] that the existence of a fixed point at O(ǫ) in 2 + ǫ d may give a reliable indication of a second order transition at d = 3 and low
N.
The Toy Model. We are finally ready to demonstrate that the ungauged model described by (2) has a 1st order phase transition for a range of couplings. To our knowledge, what we present below is new.
To begin, we examine the RG equations for (2) in 4 − ǫ dimensions. To O(ǫ), one has
This has the following fixed points:
Linear stability analysis reveals the following facts. The fixed point i), the Gaussian fixed point, is unstable in all directions. The fixed points ii) and iii) are both unstable in the α direction: in the infrared limit, small (positive) values of α are driven larger. The lack of a stable fixed point suggests that the purely scalar model may undergo a first order transition. Indeed, the fact that the coupling α is responsible for the lack of stable fixed points suggests that any first order behaviour will be due to α.
We therefore examine high T perturbation theory for α ≫ λ and α ≫ ξ. To simplify the analysis, we consider
for small positive f . ¶ This choice of couplings also ensures [14] that all mass scales of interest are much less than T , thus allowing us to work with an effective 3d theory. Under such circumstances, we may now argue that perturbation theory gives a reliable description of a first order transition. The argument follows closely the one for the abelian Higgs model.
The effective 3d potential that we study is where
and ϕ 1 , ϕ 2 are the (properly normalized) zero modes of the 4d fields φ 1 , φ 2 .
As with the simple scalar model discussed previously, we expect the effective 3d theory to give a reliable description of the phase transition as long as all mass scales are less than 2πT .
The field dependent mass matrix has the eigenvalues
where
The first two eigenvalues each have multiplicity 3.
The one-loop contribution includes a linearly divergent correction which renormalizes the 3d theory. The remaining finite contribution is
At one-loop, we have V ef f = V tree + V 1−loop . At T = T 2 , the real part of the potential has a minimum at
Taken at face value, to lowest nontrivial order in f , V ef f implies that the minimum is away from the origin by the time the mass at the origin vanishes and hence that a first order transition has occurred. The dimensionless loop expansion parameters are proportional to
Here m is a field dependent mass eigenvalue. At T = T 2 , all mass eigenvalues are zero at the origin so that V ef f is not to be trusted near the origin. To verify that (23) gives a reliable prediction of a first order transition we must first demonstrate: i) there is another minimum degenerate with the one at the origin at some T = T 1 > T 2 , and ii) the loop expansion parameters are small at both minima at T = T 1 .
Since the φ 1 · φ 2 terms are O(f 2 ) at the minimum at T = T 2 , they do not affect the lowest order (in f ) minimization conditions for < φ 1 > and < φ 2 >. It turns out that for the purposes of discussing the leading order (in f ) characteristics of the phase transition one is allowed to just ignore these terms. To lowest order in f , the 3d effective potential we study for T close to T 2 is therefore
Although this contains a cubic term only at T = T 2 , it still leads to first order behaviour because for T close enough to T 2 the last term behaves like a cubic term ∝ (φ sufficiently small f , the perturbative expansion is well controlled at both minima at T = T 1 .
Just below T = T 1 the global minimum is away from the origin; this is the signal of first order behaviour.
We end our analysis of the model (2) by discussing three issues:
1) There are values of φ 1 · φ 2 for which some of the field dependent mass eigenvalues of (14) vanish and hence perturbation theory cannot be reliably used to compute 2 ) for which the mass eigenvalues vanish and perturbation theory must be resummed in order to get a more reliable V ef f .
2) So far we have said nothing about the transition for λ ∼ ξ ∼ α. In this case, since perturbation theory breaks down, we must resort to other methods. Even though the RG analysis in 4 − ǫ d has no infrared stable fixed point to O(ǫ) the transition may be second order for these values of the couplings. To learn more we can use 1/N expansion techniques [22, 23] when φ 1 , φ 2 are N-vectors. We have studied two interesting limits:
ii) α = ξ = λ and (Nλ) fixed for increasing N.
At large N, case (22i) leads to first order behaviour while case (22ii) leads to second order behaviour.
To show this last statement it is convenient [23, 17, 18] to perform the rescalings φ 1 → √ Nφ 1 , φ 2 → √ Nφ 2 and v → √ Nv. Then, the 3d effective theory is described by the tree
for λ → λ/N 2 , α → α/N and λ → λ/N, respectively. The 3d kinetic terms for both cases are also proportional to N, due to the rescalings of the fields.
To compute V ef f in the 1/N expansion one performs the shift
dropping all terms linear in the quantum fieldsφ 1 ,φ 2 and computes consistently all oneparticle-irreducible diagrams with zero external quantum fields to some order in 1/N. The computations are simplified if dimension two auxiliary fields are first used to eliminate the quartic couplings [22, 23] .
Since the scaling (22i) only confirms our perturbative analysis we will just state how the analysis proceeds. V ef f at O(N) depends only on the combination φ 1 · φ 2 both at tree level and after all the O(N) diagrams are included. The real part of V ef f is an increasing function of φ 1 · φ 2 and therefore in the large N limit the vacuum energy is minimized at φ 1 · φ 2 = 0. In this limit, O(1) corrections are easy enough to compute; they include the cubic term − term. This is because such a term is lower order in N.
To study the scaling (22ii) we add the following terms involving dimension two auxiliary fields, χ + and χ − , to the tree potential (23ii):
after which the potential becomes to O(N)
where M 2 = T 2 λ/36 − λv 2 /6. After the shift (24), the Lagrangian is only quadratic in the quantum scalar fields; these can then be integrated out at one-loop to give the leading order effective potential in terms of ϕ 1 , ϕ 2 and χ ± . Eliminating the auxiliary fields from this effective potential by their equations of motion gives
The eigenvalues of the scalar field mass matrix of (26) are just χ + and χ − . Both eigenvalues have multiplicity N. Therefore, the O(N) quantum corrections are
The field dependent divergent part can be absorbed by renormalization of the tree potential and the remaining field dependent finite part yields (χ ± ≥ 0)
Here, V is given by (26) . The equations of motion for χ ± are then
It is now straightforward to verify several facts. For M 2 ≥ 0, χ ± ≥ 0 and the minimum of the potential is at < φ 1 >=< φ 2 >= 0. For M 2 < 0, χ ± are both zero at φ 1 · φ 2 = 0 and λ(φ [22, 23] as the symmetry breaking minimum for M 2 < 0. This point moves continuously away from the origin as T 2 falls continuously below 6v 2 ; this is the signal of a second order transition.
Although we have only demonstrated that (2) has a second order transition for the particular case λ = ξ = α and at large N, we might expect a similar outcome for N = 4 and α ≤ O(λ, ξ), i.e. the first order behavior driven by α is wiped out by the quantum fluctuations due to λ, ξ for small enough α. A completely reliable determination may only be possible on the lattice.
3) Finally, in this section, we determine more precisely the ratio α/λ for which perturbation theory breaks down completely and the maximum ratio
for which the effective 3d theory can be trusted. We examine the one-loop 3d potential for φ 1 · φ 2 = 0, λ = ξ and dropping for the time being the T 2 − T 2 2 part of the "cubic" term:
M 2 and T The condition that all field dependent mass eigenvalues are less than 2πT at the minimum at T = T 2 gives α 2 < 12π 2 λ. Thus, we predict first order behaviour for around
For ξ = 0 this last lower bound on α is instead around λ < α/3.
The Two Higgs Doublet Model. As we have mentioned, the general two Higgs doublet model has 5 scalar quartic couplings, not three. In addition, it has two scalar vevs v 1 , v 2 , gauge couplings, and dimension two terms which softly break the discrete symmetry
The scalar potential is typically written [20] 
We remark that as long as all couplings are perturbative at zero T these conditions for first order behaviour are not unnatural.
where the λ i , ζ are real parameters and Φ 1 , Φ 2 are complex Higgs doublets. We have the following identifications (when λ 1 = λ 2 , λ 4 = λ 6 = 0) λ 1 + λ 3 = λ/6, λ 3 = ξ/6, λ 5 = 2α/3,
between (2) and (32) model from the analysis of our toy model. One can convince oneself that (32) will display first order behaviour with the following assumptions: i) v 1 = v 2 , ii) λ 5 is big enough compared to the other quartic scalar couplings and gauge couplings, and iii) as with the one doublet model, there is a nonperturbatively generated mass for the nonabelian magnetic gauge fields [27] . Conditions i) and ii) ensure that the mechanism for first order behaviour (within perturbation theory) is the same as for our toy model and condition iii) is necessary to ensure that the loop expansion parameter associated with the nonabelian gauge fields is small at small scalar field values at T = T 1 . Although our toy model (2) has φ 1 · φ 2 = 0 at tree level, the fact that the O(ǫ) RG results are independent of terms quadratic in the fields in the tree potential strongly suggests (but does not prove) that we need not require cos ζ to be small for (32) to exhibit first order behaviour (cos ζ = 1 generically implies CP violation in the Higgs sector). The perturbative analysis for cos ζ ≈ 1 is more subtle than for our toy model. However, note that for sin ζ ≈ 0, λ 6 (ImΦ † 1 Φ 2 ) 2 = 1 4 λ 6 (φ 1 T φ 2 ) 2 , with nonzero entries T 1,2 = T 3,4 = −T 2,1 = −T 4,3 = 1. We have checked that this term can play the same role as the last term in (2) . Thus, we predict first order behaviour when sin ζ ≈ 0 and λ 6
(which determines the pseudoscalar mass M A ) is sufficiently larger than the other couplings, even when the mass of the lightest neutral Higgs M h is near or above M W . The precise determination of the parameter space for which first order behaviour is possible will require a more careful analysis, however the ratio M A /M h could be as low as 3.
